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Abstract: We present the derivation of a supersymmetric model for fermionic fields with 
integer valued mass dimension based on a general super field with one free spinor index. 
First, we demonstrate that it is impossible to formulate such a model based on a general 
scalar superfield. This is due to problems constructing a Lagrangian containing a kinetic 
term for the fermionic mass dimension one field, as well as problems deriving a consistent 
second quantisation. 

We then develop a formalism based on a general superfield with one free spinor index. We 
systematically derive all associated chiral and anti-chiral superfields up to third order in 
covariant derivatives. Using this formalism we are able to construct a supersymmetric on- 
shell Lagrangian that contains a kinetic term for the fermionic fields with mass dimension 
one. We then derive the corresponding on-shell supercurrent and succeed to formulate a 
consistent second quantisation for the component fields. Finally, we present our result for 
a supersymmetric Hamiltonian. 

As the Lagrangian is by construction supersymmetric and the Hamiltonian was derived 
from the Lagrangian using the supersymmetry algebra the Hamiltonian must be positive 
definite. 



Keywords: [Beyond Standard Model, Dark Matter, Superspaces, Supersymmetry 



*Kai.Wunderle@usask.ca 
t Rainer. Dick@usask.ca 



Contents 



[l]. Introduction 



I 



A Supersymmetric Lagrangian 

7\\ Constructing a Model Based on the General Scalar Superfield 
|2.1.1| A Non-kinetic Supersymmetric Lagrangian 
|2.1.2| Problems with Second Quantisation 
The General Superfield with one Spinor Index 

2.2.1 The Chiral Superfields 

2.2.2 Unitary Supertranslations 



2.2 



2.3 



Constructing a Model Based on the General Spinor Superfield 
The On-shell Lagrangian 



^ The Supercurrent 



The Hamiltonian in Position Space 

!1| Second Quantisation in Position Space 

|4.1.1| Superfield Transformation of the Fermionic Component Fields 
|4.1.2| Superfield Transformation of the Bosonic Component Fields 
4.1.3| Transformation of the Conjugate Component Fields 
The Hamiltonian from the Supersymmetry Algebra 
The Hamiltonian from Canonical Quantisation 



4.2 



4.3 



^ Summary 



Mathematical Appendix 
[A.l Conventions 

Relations between Grassmann Variables 
Relations between a-matrices 



A.2 



A.3 



12 
14 

n 
n 

M 

18 



25 
26 

m 



1. Introduction 

All modern supersymmetric models are derived from a fundamental general scalar super- 
field. The application of the covariant superfield derivatives D a and allows then a 
systematic derivation of various chiral and anti-chiral superfields, see e.g. 0> Hi- If the 
discussion is restricted to the supersymmetric description of bosonic fields with integer- 
valued mass dimension and fermionic fields with half-integer-valued mass dimension this 
approach is sufficient and leads to the Minimal Supersymmetric Standard Model. This 
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changes, however, if the previous assumption on the mass dimensions of fermionic and 
bosonic fields is dropped. 

An investigation of this matter is of special interest due to the recent proposal of 
fermionic fields with mass dimension one - eigenspinors of the charge conjugation operator 
(ELKO) - by Ahluwalia-Khalilova and Grumiller §]. In their publications they use 
the field theory formalism to formulate a nonlocal theory of fermionic fields with mass 
dimension one. Ahluwalia et al. then modify this formalism by introducing a preferred 
direction along which the fermionic field with mass diemension one satisfies a local theory 
||[. Subsequently da Rocha and Hoff da Silva construct a Lagrangian for ELKO spinors 
motivated from supergravity using mass dimension transmuting operators Q. Therfore, 
the question arises how to formulate a supersymmetric model from a fundamental superfield 
that is able to describe fermionic fields with mass dimension one. 

The article is structured as follows. Section |2] discusses the construction of a supersym- 
metric Lagrangian. It is shown that the straightforward approach using a general scalar 
superfield with redefined mass dimensions fails while the construction of a model based 
on a general spinor superfield is successful. Then, the corresponding supercurrent is cal- 
culated in Section |3[ In Section || the Hamiltonian is derived using the supersymmetry 
algebra. This approach ensures that the resulting Hamiltonian is positive definite. Finally, 
the results are summarised in Section ||. 

2. A Supersymmetric Lagrangian 

In this section a supersymmetric Lagrangian for fermionic fields with mass dimension one is 
derived. It is shown that a construction based on the general scalar superfield with redefined 
mass dimension of the component fields is impossible. This is due to problems generating a 
kinetic contribution for the fermionic fields with mass dimension one as well as constructing 
a consistent second quantisation. Afterwards the general spinor superfield is presented and 
all chiral and anti chiral superfields up to third order in covariant derivatives are derived 
systematically. This general spinor superfield is then used to construct a supersymmetric 
on-shell Lagrangian for fermionic fields with mass dimension one. 

2.1 Constructing a Model Based on the General Scalar Superfield 

The most straightforward approach to formulate a supersymmetric model for fermionic 
fields with integer-valued mass dimension is to formulate a model in analogy to the com- 
monly used formalism where fermionic fields have half-integer-valued mass dimension. This 
is done by starting from the general scalar superfield 

V = C - i9 X + ix'Q ~ if 1 (M -iN) + ^{M + iN) - 9a^SA (t + 

+ m (a - i#A - ie 2 e (a' - ifo) - (d + hoc) , (2.i) 
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Table 1: Contributions to the Lagrangian based on the general scalar superfield if \ is identified 
with the fcrmionic field of mass dimension one. In addition to the contributions built from products 
of unbarred superfields, the hermitian conjugates are permitted as well. 

and redefining the mass dimensions of the component fields appropriately, e.g. dim(C) = 
1/2, dim(x) = 1, etc. . The chiral superfields X and W a are then defined as 

X= l -D 2 X, (2.2) 

W a = % -D 2 D a V . (2.3) 

where the covariant derivatives are given by 

D a = d a - i0 a$ eP , (2.4) 

Da = -B a + iOPppz . (2.5) 

This choice of conventions differs by a factor of —i from the conventions used in fi~0|| . 

However, there are two fundamental problems that prevent a feasible theory using 
this approach. The first problem is that all possible contributions to the Lagrangian fail 
to produce a nonvanishing kinetic term for the fermionic fields. The second problem is 
encountered during second quantisation of the Lagrangian. It can be shown that already the 
simplest possible Lagrangian leads to negative energy solutions. In the following subsections 
these two problems will be discussed in detail. 

2.1.1 A Non-kinetic Supersymmetric Lagrangian 

The general scalar superfield has two possible candidates for a fermionic field with mass 
dimension one, x an d A. For simplicity, the discussion is restricted to the case for \ as 
fermionic field with mass dimension one. Similar calculations can be repeated for A. Due 
to the shift in mass dimension of the component fields the maximum number of covariant 
derivatives that needs to be considered is then increased by two and the discussion becomes 
more involved. 

If x is identified with the fermionic field with mass dimension one it can be shown that 
the mass dimensions of the general superfield V and the chiral superfields X and W a are 

dim(V) = ^ , dim(X) = - , dim(W Q ) = 2 . (2.6) 
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These results for the building blocks of the Lagrangian can be utilised to work out all 
possible contributions to the Lagrangian which have to satisfy three basic requirements. 
First, all contributions to the Lagrangian have to be Lorentz scalars and thus cannot 
contain any uncontracted indices. Second, all structure constants must have positive mass 
dimension for the theory to be renormalizable. Third, the contributions must have the 
appropriate mass dimension to contribute either via the .F-component or the D-component. 

All possible terms that satisfy the requirements are summarised in table |l]. It groups 
the contributions into three groups depending on the mass dimension of the superfield 
product without structure constants. It is possible to conceive terms with higher mass 
dimension, however, those terms cannot contribute to the Lagrangian and are irrelevant 
for the following discussion. For simplicity the discussion is restricted to the unbarred fields 
while the hermitian conjugated components have to be considered for the Lagrangian as 
well. 

The first group of terms with mass dimension one consists of one single term which 
is the product of two general superfields. As the general superfield is neither chiral nor 
antichiral the only possible contribution to the Lagrangian is a mass term via the D- 
component. 

The second group containing all terms with mass dimension two then encompasses all 
terms that can be constructed using two general superfields and two covariant derivatives. 
This results in three possible contributions to the kinetic term via the D-component. There 
can be no contributions to the mass term via the F-component as neither V nor DV are 
chiral or anti-chiral. 

Finally, the third group summarises all terms with mass dimension three which contain 
two general superfields as well as four covariant derivatives. Due to the mass dimension 
only contributions via the F-component are possible. The only term that satisfies the 
necessary symmetry requirements is XX which contributes to the kinetic term. 

Altogether, there is one contribution to the mass term as well as four contributions to 
the kinetic term. On the first glance this seems to ensure the existence of a valid model. 
However, explicit calculations reveal that neither of the four kinetic terms in question is able 
to produce a kinetic term for x which was originally identified with the fermionic field with 
mass dimension one. A similar discussion can be repeated for the case where A is identified 
with the fermionic field with mass dimension one. Although the discussion for A produces 
an even larger number of potential contributions to the kinetic term neither of these terms 
produces a kinetic term for A. Therefore, it can be concluded that it is impossible to 
construct a Lagrangian - other than the trivial solution for a constant background spinor 
field - based on the general scalar superfield that is able to describe fermionic fields with 
mass dimension one. 

2.1.2 Problems with Second Quantisation 

The second major problem arises from the second quantisation of the component fields. 
A simple way to demonstrate this is to start with the simplest possible Lagrangian for a 
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fermionic field with mass dimension one 



C = dyti>&*i> - m 2 ^ . (2.7) 
The corresponding Hamiltonian is then found to be 

H = VipS/ip + m 2 ^ . (2.8) 
Inserting the quantised Dirac field 

^ = J ^ J_ Y, (a s p u s (p)e- i ^ + & p V(p)e^) , (2.9) 

^ = J i_ £ (6^ s (p)e-^ + ajtfi-^) , (2.10) 



into the Hamiltonian and removing the zero-point energy leads to 

H=j £ («p ta p - 6 p t6 p) ■ ( 2 - n ) 

The creation operator can be used to lower the energy arbitrarily and obtain negative 
energy solutions. 

2.2 The General Superfield with one Spinor Index 

In the previous section it was shown that a theory based on the general scalar superfield 
cannot be viable. This motivated an ansatz based on the general spinor superfield. So 
far only few references to the general spinor superfield exist in the literature. One excep- 
tion being the article by Gates 0] that contains an expansion of a spinor superfield in 
Grassmann variables. In addition, an expansion of the chiral spinor superfield was given by 
Siegel [0|. Their results are also included in the book by Gates, Grisaru, Rocek, and Siegel 
1 13]. As our notation differs from previous publications and is based on spinor superfields 
with different mass dimension the spinor superfield is introduced in detail and all chiral 
and anti-chiral superfields up to third order in covariant derivatives are derived. 

In analogy to the general scalar superfield , the general spinor superfield can immedi- 
ately be written down as expansion in 8 and 9 

+ tfv&Rscfr + W&s^ + eWd% Mk . (2.12) 

To bring this ansatz into a more convenient form the Grassmann variables need to be 
contracted over the respective indices. After absorbing some of the prefactors into the 
component fields, the general superfield is found to be 

- e 2 e*R Sa + e^Spa + e 2 e 2 \ a , (2.13) 
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where n, ip, x, and A are Majorana spinors, M, N, R, and S are complex second-rank 
spinors, and uj is a complex third-rank spinor. The four complex second-rank spinors 
contain 32 bosonic degrees of freedom while the four Majorana spinors contain 16 fermionic 
degrees of freedom. As the number of bosonic and fermionic degrees of freedom must be 
the same for a super symmetric theory, the 3-rd rank spinor must also have 16 fermionic 
degrees of freedom. It is then tempting to rewrite the third-rank spinor as a vector of 
majorana spinors 

= K)^ (O^ <*>*<* = 2UV , (2.14) 

which has 16 degrees of freedom as well. In the following discussion it will be referred to as 
a spinor-vector field. After appropriate rescaling of the component fields the most general 
spinor superfield is given by 

v a = n a + e?Mp a - e^N $a + e 2 ip a + e 2 Xa + ea^ a - 

-9 2 ePRp a + 9 2 9PSp a + 9 2 8 2 \ a . (2.15) 
2.2.1 The Chiral Superfields 

For the general scalar superfield the chiral and anti-chiral fields are derived by repeated 
operation of the covariant derivatives D and D. By definition the chiral and anti-chiral 
superfields satisfy the following relations 

D & X = 0, (2.16) 
D a Y = 0, (2.17) 

where it is assumed that X is a chiral superfield and Y is an anti-chiral superfield which 
can have an arbitrary number of spinor indices. The chiral and anti-chiral superfields up 
to third order in covariant derivatives are then derived systematically by calculating D 2 V 
and D 2 V, as well as D 2 DV and D 2 DV. 

The chiral spinor field is found by repeated operation of the covariant derivative D 
onto the general superfield 

X a = -\D 2 V a 

= X a + 9? (Sp a + + 9 2 (A Q + l -d^ a - jDK^j - i90 Xa + 

+ \e 2 e%^ (s^ + - \e 2 e 2 u Xa . (2.18) 

Comparison with the general expansion of a chiral field with one spinor index leads to the 
very elegant expression 

x a = exp (-w0) ( Xa + ^ (st, a + ^/n^ + e 2 (x a + l -d^ a - |nJj . (2.19) 

As this notation is not used in the further discussion an explicit notation in exponential 
form is not given for Y, Z, Zq, and Z' but can be derived in a similar way. 
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The calculations for the anti-chiral spinor field can be performed in perfect analogy 
where the operation of the covariant derivatives D on the general superfield replaces the 
operation of D 

Y a = ~D 2 V a 

= 4> a -9 $ (R $a + \p?M^ + 9 2 (\ a + % -d^ m - Iqc^ - i909^ a - 

- ifTPfij (r^ + ^/M, Q ) - \9WU^ a . (2.20) 

To third order in covariant derivatives there is again one chiral and one anti-chiral 
superfield which are now second-rank spinor fields. The chiral second-rank spinor field is 
found to be 

Zja = —^D 2 D~fV a 

~ & foRfia ~ ~ {s ja - \^N^ + 

- \PPU (s, a - \^N^ . (2.21) 

A special case arises if the two undotted indices of the second-rank spinor field are con- 
tracted. It is then reduced to a scalar superfield 

Z = Tt^S + l$Nj - 9? ^2X fj + o^dvUp + + i9 2 Tr(^R + '-DM^j - 

- iepffTr(s + ±?N) - % -9 2 ¥f h + a^d^ + ^Uk^j - 

- ^9 2 9 2 OTr (s + l -$N^j . (2.22) 



The calculations for the anti-chiral second-rank spinor field are nearly identical and it is 
found to be 

1 

T 



Z' = --D 2 D^V a 



+ 9 2 (i^S Pa - \nN^ + i9f9 (r^ + % -f^M^ + 

- -9 2 9 2 U (R ia + V 7 iO . (2.23) 
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Unlike for the chiral second-rank spinor field, no special case exists for the anti-chiral 
second-rank spinor field. This is due to the odd number of dotted and undotted indices 
which makes it impossible to contract the indices to achieve a scalar superfield. At most 
it can be written as a product of a Pauli-matrix and a vector field. 

2.2.2 Unitary Supertranslations 

For the later discussion of the supercurrent and the derivation of the second quantisation 
of the component fields the superfield variation of the general spinor superfield must be 
derived. The calculation follows the discussion for the general scalar superfield in []l4| and 
was adapted accordingly to compensate for the additional spinor index. 

The starting point for the derivation of the behaviour of a superfield under unitary 
supertranslations is the definition of a superspace eigenstate 

\x Q ,e ,e ) , (2.24) 

which has the eigenvalues 

x» |x„, 0o, 0o) =x \xo,0 o , O ) , (2.25) 

9 a \xo, do, 9~o) = &0a \xo, #o> #o) , (2.26) 

9a \xq, 9q, 9q) = Ooa \xq, 9q, 9q) . (2.27) 

Here 9 a , 9 a , and x M are operators acting on the superspace eigenstate while the eigenvalues 
are denoted by a subscript for the original eigenstate and with a prime for the translated 
state. Therefore, a state that is shifted under unitary supertranslations can be written as 

\x', 9', 9') = exp (iay ■ P + ib(Q + icQ() \x ,9 , 9 ) , (2.28) 

where the prefactors a, b, and c still need to be determined. An arbitrary operator O 
acting on the shifted state can be expressend as 

O \x', 9', 9') = exp (iay ■ P + ibQQ + icQ() exp (-iay • P - ib(Q - icQC) x 

x O exp (iay ■ P + ibQQ + icQ() \x ,9 , 9 ) . (2.29) 

Using the Cambell-Baker-Hausdorff formula 

e -iGX 0e iG\ = £ (_ a y j Gj j (2 30) 

3 

this product of operators can be decomposed into an infinite sum of commutators 
O \x', 9', 9') = exp (iay ■ P + ib(Q + icQ() x 

x [ay-P + b(Q + cQC, O] \x , 9 , 9 ) . (2.31) 

3 
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To evaluate the commutators it proves useful to utilise the following three commutators 
and anticommutators 



{9/3, a } — €fs a , 
[Pi/, Xfj\ = ifjy^ . 



(2.32) 
(2.33) 
(2.34) 



For the operator 9 acting on the translated eigenstate it is found that 
6 a \x', 9', 6') = exp (iay ■ P + ib(Q + icQ() x 

x E H A ) J ' [ay ■ P + KQ + cQC, 9] \x, 9, 9) , 



(2.35) 



where the j-th. commutator has to be derived recursively. Conveniently, the first commu- 
tator is given by 



ay»P^ + b^Qp + cQ h l\ 9 a = ib( a . 



(2.36) 



This implies that the second commutator vanishes. Therefore, all higher order contributions 
to the infinite sum must vanish identically as well and the eigenvalue of the shifted state is 

9' a \x>, 9', 9') = (9 0a + b( a ) \x>, 9', 9') . (2.37) 

A similar calculation can be repeated for the operator 9. It is found that 

9a \x', 9', 9') = exp {iay ■ P + ibQQ + icQ() x 

x ]T (-iX) j [ay-P + KQ + cQC, h] \x , 9 ,9 ) . (2.38) 

3 

Again, the j-th commutator must be calculated recursively starting with the first order 
commutator 



ayP + bC p Qp + cQgC P ,So 



ic( a . 



(2.39) 



Like in the previous case this result implies that the second commutator vanishes identically 
and the eigenvalue of the shifted state is 

9' a \x',9',9') = (9 0a + cQ \x',e',0') . (2.40) 

Finally, the behaviour of the eigenvalue of the operator x^ is analysed 

X" \x', 9', 9') = exp (iay ■ P + ib(Q + icQ() x 

x [ayP + ib(Q + icQC, xf] \x , 9 , 9 ) . (2.41) 
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The first commutator is found to be 

[ay u P u + bCQ a + cQaC, ^] = iay» " K^O + c9a^( • (2.42) 

On the first glance it seems as if the series expansion doesn't terminate after the first 
commutator. However, the explicit calculation of the second commutator reveals that it 
vanishes identically 

\ay v P v + bCQ a + cQ & C, x»]=0. (2.43) 

This terminates the infinite series and the eigenvalue for the operator x M acting on the 
translated state is given by 

x » \ x \ 0', 9') = (x% + ay^ + i (b(a>*9 - c9 a^()) \x' , 9', 9') . (2.44) 

Combining the results for the operators 9, 9, and yields a translated superspace 
eigenstate of 

\x\ 9', 9') = \x + ay + i (b(a9 - c9 a() , 9 + b(, 9 + <> , (2.45) 

where the prefactors a, b, and c are still arbitrary. As a convention it is assumed that the 
discussion is restricted to pure superspace translations for which the spatial translation 
vanishes and thus ayo = 0. Furthermore, the translations of the superspace coordinates 
9 and 9 are chosen to be positive which results in b = c = 1. This results in a relation 
between the original and shifted state of the following form 

\x',9',9') = \x + i {(a9 - 9a() ,9 + (,9 + () = exp «Q + iQ() \x, 9, 9) , (2.46) 

where the subscript was dropped as it is no longer necessary to distinguish between 
operators and eigenvalues. The eigenstate at the shifted superspace coordinates is expressed 
in terms of the superspace coordinates of the original superspace eigenstate. It can be seen 
that a superspace translation, unlike a translation of normal fields, not only induces a 
spatial translation, but also results in a shift of the superspace coordinates 9 and 9. 

Now that the behaviour of a superspace eigenstate under unitary supertranslation is 
known, the calculation of the translated general spinor superfield is straightforward 

V^(x,9,9) = (x,9,9\ exp (i(Q + iQ() \V a ) 

= ( x -i( Ca e-9a(),9-(,9-(\ V a ) 

= V a (x-i {(a9 - 9a() , 9 - (, 9 - C) . (2.47) 

As for the superspace eigenstate, a unitary supertranslation acting on a general superfield 
induces a spatial translation as well as a shift of superspace coordinates. In terms of the 
component fields the translated superfield can then be written as 

V' a (x, 9, 9)= Ka (x-i {(a9 - 9aC) ) + (> - C P ) Mp a (x - i ((a9 - 9a())- 

- (V - (?) N $a (x - i (Ca9 - 9<jQ)) + (9 - () 2 i> a (x - i ((a9 - 9a()) + 
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+ (0-() 2 x a (x-i((a6-6aC)) + 

+ (0 - C) a* {9 - C) uj m (x - i ((a9 - 9a())- 

-(o-C) 2 (e $ - C $ ) R $a (x - i {(ae - e<r£))+ 

+ (9-() 2 (0f> - C p ) S Pa {x - i ((a9 - 9a()) + 

+ (9 - () 2 (9 - () 2 \ a (x - i (Ca§ - 9a()) . (2.48) 

To express the translated component fields in terms of the component fields at the original 
superspace coordinates a Taylor expansion of the component fields can be used. In the 
present case an expansion up to first order in the transformation parameters £ and £ of 
the form 

n a (x-i ((a9 - 6aC)) « n a {x) - i ((a u 9 - 9a u () d u K a (x) (2.49) 

is sufficient. After appropriately rewriting equation fl2.48|) , neglecting all terms of second 
or higher order in the transformation parameters £ and Ci an d collecting the terms with 
corresponding orders in the Grassmann variables 9 and 9 the shifted superfield is given by 

V^{x,9,9) = Ka (x) - ^M t5a (x) + ^N^ a (x)+ 

+ 9? (M Pa {x) + i K)^ Cd^ a (x) - 2C^ Q (x) - (a")^ C^ a (x)) - 

~ & (N $a (x) - i (a») $1 Cd,K a (x) - 2C /3 Xa(x) - {a»)fa C 7 ^a(*)) + 

+ 9 2 L a (x) - (a^d^Mpaix) + C%>)) + 

+ o 2 (xa(x) - l -c s K) 5 h^N^x) - C%«(*)) + 

+ 9a»9 ( Ufia (x) + l -( S {(Taj/dvMfrix) - {^a^dyN^Jx)- 

~ 9 2 9 $ (R 0a (x) - i (a^^Cd^aix) + ~ feCd^^x) - 2^\ a {x)\ + 

+ 9 2 9? (Sf, a (x) + i (a»)p. Cd^xaix) + ~ (a"a")^ ( 5 d v u m (x) - 2(p\ a (x)\ + 
+ 9 2 9 2 (\ a (x) - '-C K) 7 h^ a {x) - (a»)s PdMx)\ . (2.50) 

The variation of the general spinor superfield is then defined as the difference between the 
translated superfield and the superfield at the original superspace coordinates 

5V a (x,9,9) =V^(x,9,9)-V a (x,9,9). (2.51) 

Therefore, the variation of the component fields can be extracted immediately from equa- 
tion ( |2l50D 

5 Ka = -C P M pa (x) + ( $ N,(x) , (2.52) 
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8M fia = -2C^ a (x) + iC d^a(x) - C {a^ u m {x) , (2.53) 

SN $a = -2^ X a(x) - iC d^K a {x) - C (<7% u^x) , (2.54) 

6ip a = (PRpJx) - % -& {a») $ W^M^x) , (2.55) 

5Xa = -( P Sp a (x) - (a^p %N^{x) , (2.56) 
8uJ m = C' 3 {vjpifyaix) + (a u a^)^d u M ia (x)- 

- C $ (a^^S^x) - ^ (aV,)^^^) , (2.57) 

5Rfa = -2^X a (x) - iC (o% d^ a {x) - l -C (^V) . $ dvu^ix) , (2.58) 

SSpa = -2(p\ a (x) + iC (<P)w d^Xa(x) - k 7 K^) 7/3 d^ a (x) , (2.59) 



8X a = (a") p %fy a (x) - (an^d^ a (x) . (2.60) 

These results then imply the variation of the on-shell component fields. After eliminating 
the auxiliary fields and using the definition of the component fields R and S from equa- 
tions ( 2.67 ) and ( p. 68 ) in section 2A the variation of the component field of the on-shell 



Lagrangian are found to be 

8^ a = £PR $a , (2.61) 

5 Xa = -C^a , (2.62) 

5R $a = m~^xa ~ 2iC^ a , (2.63) 

8S pa = m(pip a + 2iC0^ Xa ■ (2.64) 

2.3 Constructing a Model Based on the General Spinor Superfield 

If x is identified with the fermionic field with mass dimension one it can be shown that 

dim(V a ) = , dim(X a ) = dim(y a ) = 1 , dim(Z 7 „) = dim(Z 7Cf ) = - . (2.65) 

It is interesting to note that for x as fermionic field with mass dimension one the mass 
dimension of the general spinor superfield is 1/2 lower than for the previous approach based 
on the the general scalar superfield. This indicates that the structure of this model is richer 
as there are more allowed contributions to the Lagrangian. For convenience the discussion 
is resticted to the unbarred superfields while the hermitian conjugates contribute to the 
Lagrangian as well. 

The contributions to the Lagrangian have to satisfy the same basic requirements as 
outlined in Section |2.1.1| - no uncontracted spinor indices, positive mass dimension for struc- 
ture constants, and appropriate mass dimension for contribution via D- or .F-component. 
All conceivable terms that are in agreement with these conditions are then summarised in 
table ^. It contains more possible contributions to the Lagrangian which are now divided 
into four groups. The additional group is due to the lower mass dimensionality of the 
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U.1II11 U V U V J — 1 


(mDVDV) (mf)Vf)V\ 
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U Zj V 


Qlllll U Zj V J — Z 




Zj 1 J V 


rliml'ZDl/'l — 9 

Lilllll Zy 7 ./ V ) — £t 




XX 


dim(XX) = 2 


(mXX)v (mYY)v (XY) n (YX)„ 


DVZ 


dim(WZ) = 2 


(DVZ) D , (DVZ') D 


VDZ 


dim(VDZ) = 2 


{VDZ) D , (VDZ% 


DZX 


dim(DZX) = 3 


mass dimension too big for D-component 


ZZ 


dim(ZZ) = 3 


(ZZ) F , (Z'Z') F 


XDZ 


dim(XDZ) = 3 


mass dimension too big for D-component 



Table 2: Possible contributions to the Lagrangian for x as fermionic field with mass dimension 
one based on the general spinor superfield. The first two columns specify the product and mass 
dimensionality using the general superfield and chiral superfields only. The third column then 
summarises all possible contributions corresponding to the product outlined in the first column 
including the contributions that arise from the antichiral superfields. 



general spinor superfield which allows a spectrum for the mass dimension ranging from 
and 3. 

The first group which contains only one term, the product of two general spinor super- 
fields without additional covariant derivatives, has mass dimension 0. For symmetry reasons 
the only possible contribution to the Lagrangian is a mass term via the D-component. 

The second group containing all terms with mass dimension 1 has 6 possible terms. 
As V and DV are neither chiral nor anti-chiral all six terms are contributions to the mass 
term via the D-component. 

In the third group all terms with mass dimension 2 are grouped together. It contains 
12 terms of which 10 are contributions to the kinetic term via the D-component while 2 
are contributions to the mass term via the F-component. It is worth mentioning that this 
is the only group that contains contributions to the kinetic term as well as contributions 
to the mass term. Even more intriguing is the fact that a superfield product of the form 
X1X2 where X\ and X2 can be either chiral or antichiral is able to produce both kind of 
contributions. 

Finally, the fourth group which contains all terms with mass dimension 3 has two 
entries. Due to the mass dimension only contributions via the F-component are possible 
which means that both terms can only contribute to the kinetic term. 

It is interesting to note that some of the terms contained in table Q namely DVDV and 
XV were previously considered by Gates and Siegel [15|, 16]. However, in these articles the 
authors assume the commonly used mass dimensinos for fermionic and bosonic fields. This 
has two consequences. First, all kinetic terms in [15, [l(| become mass terms in the present 
scenario due to the change of mass dimensionality. Second, all contributions summarised 
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in groups three and four of table |2|, and therefore the products of chiral superfields XX 
and YY do not exist without redefinition of mass dimensions to accommodate fermionic 
fields with mass dimension one and thus were not considered before. 

2.4 The On-shell Lagrangian 

A supersymmetric Lagrangian can be constructed by combining contributions that were 
found in the dimensional analysis of the previous section. It was mentioned earlier that 
the first two groups of table ^ with mass dimension and 1 respectively contain only 
contributions to the mass term while the group with mass dimension 3 only produces 
contributions to the kinetic term. Therefore, the following discussion for the construction 
of a supersymmetric Lagrangian will be resticted to the third group which is the only one 
containing kinetic as well as mass terms. This limits the number of superfield products that 
need to be calculated to 12. Explicit calculations reveal that this number can be narrowed 
down even further. It can be shown that the terms (DZV) D , (ZDV) D , (XY) D , (DVZ) D , 
[VDZ) D are identical up to a prefactor. Therefore, only the D-component of the terms 
XY and YX will be considered for the kinetic term. The Lagrangian can then be written 
in a very compact form 

7TI TYl 

C = (XY) D + (YX) D + - {XX) F + - (YY) F + h.c. . (2.66) 



From the previous derivation of the chiral superfield X in equation (|2.1£) and the anti 



chiral superfield Y in equation ( 2.2CQ it can be seen that the component fields N, M, S, R, 



A, and k are not independent. Therefore, it is convenient to introduce the new component 
fields 

Sp a = S Pa + ^/^V > (2-67) 

R i>* = R $a - \Pp T Mra , (2-68) 

K = K - \un a . (2.69) 

Furthermore, it can be seen that the spinor- vector field is always contracted with a four 
derivative which is simplified by defining 

w a = • (2.70) 

The chiral and anti-chiral superfields can then be written as 

x a = Xa + e?s Pa + e 2 (% a + ^ - iope x * + \o 2 o% p Sp a - \e 2 e 2 u Xa , (2.71) 

Y a = ^ a - e?R $a + 6 2 (\ a - l -u a \ + i604> a + l -0^9 2 ^R^ a - ~0 2 2 Q/> Q . (2.72) 

This can be used to calculate the contributions to the Lagrangian outlined in equation 
d2~66|) 



(X a X a ) F = X \+ \xu - ^Tr (S T ~S) +\x + \u X , (2.73) 
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(Y a Y a ) F =<ip\— - ^Tt[r t r) + A> - , (2.74) 
(X a Y a ) D = d^ip + AA - 1 -\oj + + 1 -CjCj + % -Ti (s T 0R) , (2.75) 
(Y a X a ) D = + AA + - + iww + ^Tr (iF#5) . (2.76) 

Therefore, the Lagrangian is given by 

~ ~ in ~ tin Tfi ™ %Tfi 

C = d^ X d^ + d^x + 2AA + -uu + -%A + — x& + y A A + ~^X+ 

+ y<M - — + yAV - — ^ + -TrfS^i?) + -Tr(lFpS 
- jTr(s T 5) - yTr(fF#) + /i.e. . (2.77) 

It can be seen that this Lagrangian still contains the auxiliary fields A and Co. They can be 
eliminated from the Lagrangian using their equations of motion 

u t = -—(Xt-A) , (2-78) 

K = ~j(Xr+^r) ■ (2.79) 

This process is also referred to as going "on-shell". The resulting on-shell Lagrangian is 
then found to be 

2 2 
Ul TTl 

£ = dftxd^ip + d^ipd^x ~ ~^X ~ ~X^+ 

+ i -Tt(§ T ^R) + ^Tr(iF^) - jTr(S T £) - jTr(R T R) . (2.80) 

It is solely dependent on the on-shell component fields Xi ^> S, and R. On the first glance 
it seems that there are twice as many bosonic degrees of freedom as fermionic ones, because 
each of the second-rank spinor fields has in general 8 degrees of freedom while each of the 
complex spinor fields only encompasses four degrees of freedom. However, on-shell the 
bosonic second-rank spinor fields satisfy a Weyl type equation which reduces the number 
of bosonic on-shell degrees of freedom by a factor of 2. This means that the Lagrangian 
indeed has 8 fermionic and 8 bosonic degrees of freedom. 

3. The Supercurrent 

In classical field theory the Noether theorem describes the connection between symmetry 
transformations that leave the Lagrangian invariant and the corresponding conserved quan- 
tities. It states that every symmetry results in a conserved current which can alternatively 
be expressed as a conserved charge. Even though supersymmetry is not a symmetry in the 
classical sense the on-shell Lagrangian is invariant under the variation of the component 
fields as defined in equations ( [2.61 ) to ( [2,64 ). Therefore, according to Noether 's theorem, 
a conserved supercurrent exists. 
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The general equation for the supercurrent is given by 

(3.1) 




where the summation runs over all component fields of the Lagrangian. It has to be 
emphasised that this compact general equation for the supercurrent suppresses any indices 
of the component fields and also includes all hermitian conjugate component fields as well. 
The term /C^ in this equation is related to the variation of the Lagrangian by 

0%, = 5£ . (3.2) 

As the full supercurrent is hermitian it is possible to restrict the discussion to the 

1/2 

on-shell Lagrangian without hermitian conjugate part and to calculate both as well 

— 1/2 

as Jp! . The complete supercurrent can then be constructed from the two contributions 
j]! 2 and j]I 2 . 

1/2 

The general equation for can be written as 

ji/2 = JL ( 5 X T ^— + # r i#- + 5S™-^1- + 5R^-^- - JC„) . (3.3) 
d( K V dd^X" dd»4> T dd^S™ dd»R™ J 



Inserting the on-shell Lagrangian from equation (2.80) into the equation for the supercur- 
rent yields 



7K* 



<V = ~3S K a d^ a - —r {a fX ) R PRp a - id u r {a\) K ^Sp a - j-K^ . (3.4) 



The explicit form of IC^ is derived from the variation of the Lagrangian without hermitian 
conjugate part 



2 2 2 

m r , m , m 



5C = d^xd^tp + d^xd^Sip + d^Si/jd^x + d^d^Sx -^Hx j-#X - — &x4>- 



2 

m 



- X # + l -Ti(5S T 0Rj + ^Tr (S T 05RJ + ^Tr^iF^S) + ^Tr(# T ^S) - 
_ ^Tr(<^ T s) - ^(s T 5s) - ^Tr(«Fii) - jTt(r t Sr) . (3.5) 

It can be shown that the variation of the Lagrangian is a four divergence as expected which 
implies that 

+ i(* «)s ^X a d v Ry a + i( 3 Ms ^ a duS, /a . (3.6) 

This result can then be inserted into the equation for the supercurrent. After differentiating 
with respect to the transformation parameter £ the supercurrent is found to be 

JV 2 = -im K) K PR $a r + 2 (a^ ^J% a . (3.7) 
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— 1/2 1/2 

The contribution to the full supercurrent J M is defined in perfect analogy to 
by replacing the derivative with respect to the Grassmann variable £ with a derivative 
with respect to £. It has to be noted that the behaviour of the Grassmann derivative 
is rather subtle and depends on the conventions chosen. In the present scenario where 
by convention all derivatives are written as right derivatives the change from left to right 
derivative introduces an additional overall minus sign 

T i/2 d /_ „. dC „ _ dC „^„, dC dC 



J * = £ x r — + Sij) T -—— + 5S™ ^- + 5R TUJ — - Ku ■ (3.8) 

9C K V 9^x r <9<9^ T dd^S™ dd^R™ V y ' 

_ l/2 

The supercurrent for the Lagrangian without the complex conjugate part is then given 

by 

j;/ 2 = 3R kQ d, X « + i (a%). h wX a Rp a + ™ S? aX a + ^-JC» , (3.9) 



where the term K,^ is already known from equation (3.6). After differentiation with respect 
to the Grassmann variable the final result is 

= im (a,). P~Sp aX a + 2 ykX a R $a ■ (3.10) 

Together with the previous result for J^ 2 from equation ( |3.7|) the construction of the full 



supercurrent is straightforward 

<V = -im (a^)/R 0a r + 2 (<r^hj% a - 



- im (a,) K PS^x & + 2 (^ ^ K x"Rpa • (3.11) 
4. The Hamiltonian in Position Space 

The Hamiltonian in position space is usually derived from the Lagrangian by canonical 
quantisation. However, it is not immediately clear whether this approach is still valid 
for the present scenario that is based on a general spinor superfield instead of a scalar 
superfield. Therefore, a more conservative approach based on the supersymmetry algebra 
was chosen. It utilises the anticommutation relation between the barred and unbarred 
supersymmetry generator of the N = 1 supersymmetry algebra 



2K) Q/ jP, = {Qa,^}. (4.1) 



At this point it can already be seen that a successful derivation of the Hamiltonian from 
the supersymmetry algebra requires the knowledge of the commutation and anticommuta- 
tion relations of the component fields in position space. Therefore, the second quantisation 



of the component fields in position space will be discussed in Section 4.1. Afterwards in 



Section [L2J, these results will be used to derive an expression for the Hamiltonian in posi- 



tion space which is founded in the supersymmetry algebra. Finally, in Section it will 
be shown that canonical quantisation yields the same Hamiltonian in position space as the 
approach based on the supersymmetry algebra. 
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4.1 Second Quantisation in Position Space 

A viable super symmetric model of fermionic fields with mass dimension one requires a 
second quantisation that is in agreement with the superfield transformations of the compo- 



nent fields as derived in Section 2.2.2. This can be achieved by calculating the commutator 



between the component fields and the generators of the superspace translations 

6cf> = -i[<t>,CQa + (aQ"] • (4.2) 

To generalise the notation the spinor indices of the field (j) are suppressed and it can 
represent a scalar field as well as first, second, or higher rank spinor fields. Subsequently, 
the commutation and anticommutation relations of the barred component fields are derived 
from the results for the unbarred component fields. 

The supersymmetry generators that appear in this equation are proportional to the 
supercurrent 



Q a = J dxJo Q , (4.3) 

Qa= dxJoa . (4.4) 



In general the supersymmetry generators must contain the full supercurrent. However, the 
previous results for the superfield translations, equations ( 2.61| ) to ( [2.64 ), imply that no 



mixing between barred and unbarred component fields occurs. Therefore, it is sufficient 
to restrict the discussion in this section to the supercurrent arising from the Lagrangian 
without hermitian conjugate contribution, as any cross terms vanish identically and define 
the constrained generators 



Q, 



V 2 = / dx JIL' , (4.5) 

Q T = I dx Jof . (4.6) 

To distinguish the constrained generators from the full generators as outlined in equations 
Q4,3| ) and ( [4.4| ) an additional superscript 1/2 was incorporated into the notation in analogy 
to the notation for the supercurrent in Chapter ||. Inserting the results for the supercurrent 



from equations (3/7) and ( 3.10 ) then yields the following expression for the constrained 



supersymmetry generators 

Q l J 2 = j dx(-i m y a ^(x)/(.) + 2(^^%(4/(x)) , (4.7) 
Of = j dx (im (a,). %p(x)^{x) + 2 (a^ 6 i^(*)^ ■/(*)) . (4.8) 



4.1.1 Superfield Transformation of the Fermionic Component Fields 

Inserting the constrained supersymmetry generators as defined in equations (fOj) and ( [4.8] ) 
into equation (f4.2|) for the commutator between component field % an d the generators of 
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superspace translations yields a variation of X of 

SXa(x) = J dx' (m^ (a )^ {xa(x),R^{x')^ 5 (x')} + 

- (^o)^ 7 {xa(aO,<V(aOx 5 ( a;/ )} + 

+2iC / 3(^o) 75 {x a (x),^e(x')^V(^)}) • ( 4 -9) 

Each of the contributions to the variation of the component field x contains an anticom- 
mutator involving two fermionic fields and one bosonic field. They can be rewritten using 
the anticommutator relation 

{F 1 ,B 2 F 2 } = B 2 {F 1 ,F 2 } . (4.10) 

In addition, it can be seen that the second and fourth term contain a four derivative $ 
acting on one of the component fields in the anticommutator. These terms can be rewritten 
by splitting the four derivative into its time and spatial components 

It is important to recall that there is a plus sign between the time and spatial components 
and not a minus sign as the derivative is a covariant three vector V = (<9i, d 2 ,ds) while 
all standard vectors, e.g. p = (p ,p 2 ,p s ), are contravariant three vectors. After partial 
integration over the spatial components each term involving a four-derivative is replaced 
by two terms - one containing a time derivative acting on one of the fields in the commu- 
tator and one simply containing the commutator of component fields. Furthermore, the 
boundary terms from the partial integration which are 3-divergences vanish identically and 
are ignored. This results in 

5 Xa (x) = J dx' (m^ (a )^Ry 5 (x') [ Xa (x), ft (x')} + ^C P Sp e (x') [ Xa (x), ft (a/) } + 
+ 2iC" M 7 *^ • V'S 7e {x') { X a(x),ft{x')}- 

-mC $ (a )^S 7S (x') {x a (x) lX 5 {x')}-2i^R^{x') { Xa (x) , x e {x')} + 
+2i( $ (a o r S a 5 ^ ■ V% e (x') { Xa (x), X € {x') }) . (4.12) 



By comparison with the previously derived superspace translation of X i n equation ( 2.62j ) 
it can be seen that the only nonvanishing contribution comes from the term proportional 
to £ S while all other contributions have to vanish identically. This implies that three of 
the anticommutators vanish identically 

{ Xa (x),^{x')} = 0, (4.13) 
{Xa(x), X p{x')} = 0, (4.14) 
{Xa(x),X0[x')} = O. (4.15) 
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The only nonvanishing anticommutator satisfies 

-C P Sp a (x) = -2itf J dx'V(x') { Xa (x),^(x')} 
which has the solution 

{Xa(x),lp-y(x')} = ^€ al 5(x - x') . 



(4.16) 



(4.17) 



As the Lagrangian is symmetric with respect to the exchange of x an d ip there is no 
difference between the calculation of 5\ and Sip. Again, three of the anticommutators have 
to vanish identically 



^ip a (x),7pp(x')^ =0, 
{4> a (x),M x ')} = °> 

{$a{x),Xp{x')} = 0, 

while the only nonvanishing anticommutator is the one involving ip and X 

{^a(x), Xj (x')} = ^e a7 (5(x-x) . 



(4.18) 

(4.19) 
(4.20) 



(4.21) 



4.1.2 Superfield Transformation of the Bosonic Component Fields 

The discussion for the superfield transformation of the bosonic component fields is in 
perfect analogy to those for the fermionic component fields. The change from a fermionic 
to a bosonic field results in an exchange of all anticommutators with commutators 

SS Pa {x) = f dx'f-mC (a )' \Sp a (x), R eS (x') ^ 5 (x') 



- 2iC (a f [s Pa (x),S eK {x')p h r(x')} + 
+ m C i (ao) Afe [Sp a (x),S eS {x')x S {x') 
-2i^(* f [Sp a (x),R iK (x')fi s \ K {x')]) . 



(4.22) 



The commutators involved in this expression each contain two bosonic and one fermionic 
component field and can be simplified using the commutator relation 

[B 1 ,B 2 F 2 ] = F 2 [B 1 ,B 2 ] . (4.23) 

Therefore, the variation of the bosonic second-rank spinor field S takes the form 

SS fia (x) = J dx'(-mC 7 (^o) 7 VV) [Sp a (x),Res{x') 



-2iC{a Q f^ h r{x') [Sp a (x),S £K {x')] + 
+ mC 7 (<r o rxV) [Sp a (x),S eS {x') 
-2i^(a f^ X K (x>) [Sp a (x),R eK {x')]) . 



(4.24) 
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If this result is compared to the superspace translation of S in equation ( |2.64| ) it can be 
immediately read off that 



S/3a(x), SjS (a/) 



0. 



(4.25) 



The remaining two relations for the commutator between S and R should yield the same 
result. Using the first relation 



mC^ a = -mCiao)' / dx'^V) S 0a (x), R, s {x') 



it is found that S and R satisfy the commutation relation 

Sp a (x),Res(x') = -e a5 S(x-x') (cr°) 



0e ■ 



(4.26) 



(4.27) 



Inserting this result into the second relation then provides a consistency check as it satisfies 
the relation identically. 

Again, the calculations for the superfield transformation of R are in perfect analogy 
to those for S. It is found that the commutator of R with itself vanishes 



Rp a (x),Rys[x') 



0. 



(4.28) 



Finally, the remaining commutator between R and S can be derived from equation ( 4.27] ) 
by commuting the component fields and renaming the spinor indices appropriately 



Rp a (x),S> eS (x') 



(4.29) 



4.1.3 Transformation of the Conjugate Component Fields 

Generally it is possible to repeat the calculations outlined in the previous sections for the 
hermitian conjugate component fields. However, it is much easier to calculate the hermitian 
conjugate of the previously derived commutation and anticommutation relations. 

For the anticommutation relations between the spinor fields hermitian conjugation is 
straightforward and the two nonvanishing anticommutation relations between the barred 
component fields are 



[Xd(x),^j(x')j = |e d ^(x-x') , 
{iJa{x),^,(x')} = -e A ^(x-x') . 



(4.30) 
(4.31) 



The only difficulty that arises is the sign change of the second-rank e-tensor under hermitian 
conjugation. 

For the commutation relations of the bosonic second-rank spinor fields the discussion 
is only slightly more involved as the hermitian conjugation inverts the ordering of the 
component fields which induces an additional sign flip for the commutators that didn't 
occur for the spinor fields. Therefore, the commutation relations for the barred component 
fields are given by 



S Pa( x 



R/3a(x),S. S (x') 



x') (*°) 



(4.32) 
(4.33) 
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4.2 The Hamiltonian from the Supersymmetry Algebra 

To derive an explicit equation for the Hamiltonian the supersymmetry generators in equa- 
tion ( |4. ip have to be expressed in terms of the component fields. This can be achieved us- 
ing the relations between the supersymmetry generators which are the conserved Noether 
charges of the system and the supercurrents which were defined in equations Q4.3| ) and 
J4.4D . Inserting the result for the supercurrent from equations ( |3.11| ) and its hermitian 
conjugate leads to the following expression of the supersymmetry generators in terms of 
the component fields 



Q a = J d^[-im(a )^R^(x)^(x) + 2(a o y 5 S^(xWs a ^(x)- 

-im («7o) Q %^x)^{x) + 2 (o o y* Rrt(x)0s a x&(xj) , (4.34) 
Qa = Jdx {im{a )^~S lP {x)xHx) + 2{a Q f S R^{xW s ^{x) + 

+im («7 ) . iR y$ (x)$(x) + 2 (aof 5 ^(x)0 s& ^(x)) . (4.35) 
To streamline the notation it proves useful to introduce the short notation 

which is defined in analogy to the commonly used contraction with Dirac matrices. The 
momentum operator is then given by 



2f a$ = Ij dx (-im (a ) a ^R^{x)r{x) + 2 (a f S^{x)0^{x)- 
-im (a ) a ^(x)** (x) + 2 (ao)^ (x)0 (*)) , 
dx' (im(a ) $ K S Ke (x')x e {x')+2(a f T R kt {x')^{x') + 
+im(ao)/4e(xO^(x , )+2(a )" T ^(x / )^ r ^ e (x / ))} . (4.37) 



The anticommutators containing two fermionic and two bosonic component fields can now 
be rewritten using the commutator relation 

{B 1 F 1 ,B 2 F 2 } = [B U B 2 ] F±F 2 + B 2 B 1 {F 1 ,F 2 } , (4.38) 

where it was assumed that the fermionic and bosonic fields commute. This assumption is 
justified by the previous derivation of the commutation and anticommutation relations of 
the component fields as well as the results of the superfield translations. 

After separation of the time and spatial derivatives as well as partial spatial integration 
the momentum operator is given by 



2f a0 = I dxdx' (m 2 (a ) a Ha )p K r(x)x e (x') [R^fr), S Ke (x') 

2im (a ) a 1 (a f T (a°) T$ R ke (x')R^{x) « (s), X e {x) } + 
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- 4(<x ) 7 * (a o r {v°)s a °Tp ■ VR kt (x')~S 1U} {x) { X £ (*') , ^ (x)} - 

- 4(<r ) 7 * (^o)" T (a^i^x')^ • V5 7 ,(x) {#"(x), X £ (x')} + 
+ m 2 ( ff o)/(ffo) /3 K fWf(a:') [§^(x),R K i(x') 

- 2im (a ) a 7 (a ) kT (<x )^ ~S ki {x')~S^{x) (*), ^{x') } + 
+ 2im (a o y S (a )^ {a ) ^ R Ke (x') R jdl (x) { ft (x') , j? (x) } + 
+ 4(ao)^(ao)" r ^ a r(^^(x') [J^,(x),^(x')" - 

V'^ (x') R l6j (x) { ^ (x') , (x) } - 



-4(<7 r (a ) KT (<r°) 
-4 (<x )^(<x o r (a ) ,^(x' 



• V^(x) {r(x),^(x')}) • (4.39) 



Inserting the previously derived results for the commutation and anticommutation relations 
between the component fields in position space then yields 



2? a$ = J dx (-m 2 (tr ) a$ A(x) X e (x) - m (a Q ) a iR $e (x)fy(x)+ 

+ m (a ) $ K S K "(x)S auj (x) - 4 (<r )^ ~h a ^W^X e (x)+ 

+ 2i (a ) kT <r rp ■ VR k "(x)S a „(x) + 2i (<j ) 7 * Rp e (x)<t Sa ■ VS^(x) + 

+ m2 ( a o)*f3 Xe(x)ft(x) + m (a ) a 7 ^.(x)^ e (x)- 

- m (a ) $ K R K "(x)R a6j (x) + 4 (a f Pg a Xi^W 7 ^)- 

-2i (a Q ) kT <r T p ■ V§ k "(x)R a( ,(x) - 2i (a f ^.(x)^ Q • V£ 7 £ (x)) . (4.40) 

To extract the Hamiltonian from the momentum operator it has to be contracted with the 
appropriate Pauli matrix 



1 



\"/3 



ft = §(*o) £ fap . 
The Hamiltonian is therefore given by 

^ = \j dx (2m 2 i){x) X {x) + mRp e (x)RP e (x) - mS auJ (x)S aw (x)- 

- 4 (ao^a o y /$ d^W^X^x) + 2i (a a l a ) ka d i R k ^(x)S a0J (x)+ 
+ 2i (ao^aoy R^(x)diSy e (x) + 2m 2 X (x)ftx) - m§^. (x) J T ^(x)+ 
+ m^(x)^(x) + 4 (ao^ao) 7 ^ ^(aOfl^s)- 

-2i (aoa^o)" ^ 1 §>(x)^(x) - 2* (<t <tVo)^ %(x)^^ y ^(x)') . 



(4.41) 



(4.42) 
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This expression for the Hamiltonian can be further simplified using relations ( |A.20 ) and 
( A.21] ) in Appendix A. 3 for the special case where the first and last index are 

a°a^a° = 2rj^°a° - ^ , (4.43) 
CT<Va° = 2<° ct° - . (4.44) 

The Hamiltonian is then reduced to 

// . . 
dx ( 2ip(x)x(x) + 2V^(x) • Vx(x) + —ip(x)x(x) + 2jc(x)ip(x)+ 

2 

+ 2Vx(x) • V^(s) + ^-x(x)^(x) + jTr(i? T (x)i?(x)) + ^Tr [s T (x)S(x] 



- iTr(R T (x)d- • V5(i)) + jTr(# T (x),R(x)) + ^Tr(S T (x)£(x) 
-iTr($ T (x)a -VRix))) . (4.45) 



It contains the sum of unbarred spinor products and their barred counterparts which is 
only restricted to be real but could, at least in principle, be either positive or negative. 
Therefore, on the first glance it seems that this Hamiltonian could have negative eigenval- 
ues. However, as the Lagrangian is by construction supersymmetric and in addition the 
Hamiltonian was derived using the supersymmetry algebra the eigenvalues of the Hamil- 
tonian must be positive definite. This can also be shown by deriving the momentum space 
expansion of the component fields in position space, calculating the commutation and an- 
ticommutation relations of the momentum space operators, and determining the normal 
ordered Hamiltonian in momentum space. 

4.3 The Hamiltonian from Canonical Quantisation 

The derivation of the Hamiltonian using the supersymmetry algebra is by construction 
positive definite and is founded in the fundamental properties of the algebra. However, it 
immediately raises the question whether this approach is equivalent to a construction of 
the Hamiltonian from canonical quantisation which doesn't require the Lagrangian to be 
supersymmetric. 

For brevity the discussion is restricted to the Lagrangian without hermitian conjugate 
contribution. The Hamiltonian from canonical quantisation is then defined as 

H C , = / A Lgtf - |f V + + - A . (4.16) 

Inserting the Lagrangian into this definition of the Hamiltonian results in 

n c . q . = J d 3 x ^2x{x)^{x) + 2Vx(x)VV>(x) + ^-ip(x)x(x) - iTr^R T (x)a ■ VS(x] 

+^Ti(s T (x)S(x)) +^Tt(r t {x)R{x))) . (4.47) 



It turns out that the Hamiltonian derived from canonical quantisation after normal ordering 
is identical to the one derived using the supersymmetry algebra. This is intriguing as 
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it paves the way for a significantly simplified derivation of the Hamiltonian in position 
space involving fermionic fields with mass dimension one. It represents an extension of the 
commonly used formalism of canonical quantisation to component fields with non-standard 
mass dimensions. 

5. Summary 

The primary objective of this article was to construct a supersymmetric model for fermionic 
fields with mass dimension one. 

To achieve this goal it was investigated whether it is possible to obtain a model based 
on the general scalar superfield commonly used in supersymmetric models. It has been 
shown that such a model cannot be formulated due to problems constructing a Lagrangian 
containing kinetic terms for the fermionic fields with mass dimension one. This eliminated 
all but the trivial solution which corresponds to a constant non-dynamic background spinor 
field and is not appealing. In addition no consistent second quantisation for the component 
fields can be constructed. 

This motivated the formulation of a model for fermionic fields with mass dimension 
one based on a general spinor superfield. Up to now no explicit calculations for the general 
spinor superfield exist in the literature, therefore, necessitating the derivation of the model 
from the ground up. This included the calculation of all chiral and anti-chiral superfields 
up to third order in covariant derivatives. To second oder in covariant derivatives there is 
one chiral and one anti-chiral spinor field while to third order there is one chiral and one 
anti-chiral second rank spinor field. Interestingly, the chiral second-rank spinor field admits 
a special case that leads to a scalar superfield while the anti-chiral second-rank spinor field 
can at most be written as a vector superfield. 

Dimensional analysis revealed that there is a large number of possible contributions 
to the mass and kintic terms. Therefore, the discussion was restricted to terms built from 
chiral and anti-chiral superfields. The resulting on-shell Lagrangian depends solely on two 
spinor fields and two second-rank spinor fields which corresponds to 8 fermionic and 8 
bosonic degrees of freedom. 

As it was not ad hoc clear that the Hamiltonian can be derived from the Lagrangian 
by canonical quantisation a conservative approach based on the supersymmetry algebra 
was utilised. It provides an anticommutation relation between the supersymmetry gener- 
ators which is proportional to the momentum operator that contains the Hamiltonian as 
0-th component. This is then related to the Lagrangin via the position space representa- 
tion of the generators that are proportional to the spacetime integral of the supercurrent 
which itself can be derived from the Lagrangian. This process ensures a Hamiltonian that 
is consistent with the initial on-shell Lagrangian as well as the supersymmetry algebra. 
Therefore, the resulting Hamiltonian is positive definite. 

Subsequently it was shown that the Hamiltonian derived by canonical quantisation is 
identical to the one calculated using the supersymmetry algebra. This shows that it is 
possible to extend the commonly used formalism of canonical quantisation to component 
fields with non-standard mass dimensions. 
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A. Mathematical Appendix 



The following mathematical Appendix is separated into three subsections. The first sub- 
section summarises general definitions. This is followed by a subsection outlining relations 
between Grassmann variables while the last subsection provides a collection of relations 
between cr M - and <r M!/ -matrices. 

A.l Conventions 

The metric was chosen to be 

r)^ = diag(+, -, -, -) . (A.l) 
while the four dimensional anisymmetic tensor was chosen such that 

e 0123 = -£0123 = 1 • (A.2) 

The components of two dimensional antisymmetric tensors with dotted and undotted in- 
dices are defined as follows 

ei2 = e 12 = -e i5 = -e 12 = 1 . (A.3) 

These tensors can then be used to raise and lower the indices of spinors and tensors in the 
following way 

^ = e a %, (A.4) 
= fy e fa . (A.5) 

The two dimensional epsilon tensors with mixed index structure, one lower and one upper 
index are then proportional to the Kronecker-5 

ej = -e? a = 5i, (A.6) 
e% = -ef = 61 . (A.7) 

Finally, the a-matrices with two Lorentz indices are defined as 

= ia^a v - ir)^ , (A.8) 
= io^o v - , (A.9) 

where the Pauli matrices are given by 
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A. 2 Relations between Grassmann Variables 



It can be shown that the product of two dotted or undotted Grassmann variables with 
different spinor indices are always proportional to a two dimensional epsilon-tensor with 
respectively dotted or undotted indices 

a 9 p = -^e 2 , (A.ll) 

= - X -e h H 2 . (A.12) 

Sometimes it also proves useful to rewrite the product of one unbarred and one barred 
Grassmann variable 

= lda"9 (a^P . (A.13) 

A. 3 Relations between cr-matrices 

A very good source for relations between cr-matrices can be found in the appendix of 



1 1 C ] . However, it is necessary to determine the appropriate phase factors as their choice of 
conventions for the metric and Dirac matrices differs from the one used in this thesis. 

In the following section numerous relations involving two, three, or four cr-matrices as 
well as relations involving a pv are summarised. 

{^V a (O a7 = (ff'VT 7 = Tr^O = 2rT (A.14) 
(^U (° U y a = (*"Oa a = TV(cr^) = 2rT (A.15) 



("%J = " 2e « V = *J (A.16) 

Mali ^ = 25 "i = 8 (A-17) 

(o p cj v + a v a p f ^ = 2if v & (A.18) 

(a p a u + <j v <j») a f> = 2jf v &i (A.19) 

a p a v a p + a p a v a p = 2rj up a p - 2rf p a v + 2rf v a p (A.20) 

a p a v a p + a p a v a p = 2rf p a p - 2rf p a v + 2rf v a p (A.21) 

a p a u a p - a p a v a p = -2ie pvpT a T (A.22) 

a p a u o p - a p a v a p = 2ie pupT a T (A.23) 



Tr(a pu ) = 
Tr(a pu ) = 



(A.24) 
(A.25) 



Tr(a p a u a p a a ) = lif^rf - 2rj" T rf p + Wrf - 2ie pupa (A.26) 

Tr(a p a u a p a a ) = 2r) pa r ] ^ - 2rf' J '(f p + 2rf p rj' MJ + 2ie pup(T (A.27) 

Tr(a pu a pa ) = 2rf a rf p - 2rf p rf u + 2ie pupa (A.28) 

Tr(a pu a pa ) = 2rf a rf p - 2rf p rf a - 2ie pupr7 (A.29) 



^ VP U = -iV w K) Q/3 + irT K) a/3 + ^ M a$ (A.30) 

i^^U = W " «T (O^ + ^ (A-31) 

= (*%J + *»T (*% - (a,) d/3 (A.32) 

= i*T p - irT (^)as ~ M&b (A.33) 



(a pv o pu f 



+ ie 



fi(r\a 



ie pvpa e a , 



AiVp 



(A.34) 
(A.35) 
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